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Abstract. We consider non-colliding Brownian motions with two start- 
ing points and two endpoints. The points are chosen so that the two 
groups of Brownian motions just touch each other, a situation that is 
referred to as a tacnode. The extended kernel for the determinantal 
point process at the tacnode point is computed using new methods and 
given in a different form from that obtained for a single time in previous 
work by Delvaux, Kuijlaars and Zhang. The form of the extended kernel 
is also different from that obtained for the extended tacnode kernel in 
another model by Adler, Ferrari and van Moerbeke. We also obtain the 
correlation kernel for a finite number of non-colliding Brownian motions 
starting at two points and ending at arbitrary points. 



1. Introduction and results 

1.1. Introduction. Non-colliding Brownian motions have been much stud- 
ied since they give rise to interesting classes of determinantal point processes, 
see e.g. [23], [27], [22], [23] and J2B]. Scaling limits of these point processes 
lead to universal limiting determinantal point processes which also occur 
in other contexts, e.g. random matrix theory, random growth models and 
certain random tiling (dimer) models. In the latter cases, though we are 
typically dealing with non-colliding discrete random walk type models, we 
can expect continuum scaling limits for the discrete models to be the same as 
those for non-colliding Brownian motions. Therefore this serves as a natural 
test model. The basic point processes obtained are the sine-kernel process 
(see e.g. [II], [22], [28]), the Airy kernel process (see e.g. [20]. [3D]. [25]. [23]. 
[19] . [2]), and the Pearcey kernel process (see e.g. [12], [T], [29], [33], [6]), 
and their extended versions. If we consider a global asymptotic regime in 
which the Brownian paths are confined to a certain geometrical shape, the 
sine kernel process appears in the bulk (i.e. in the interior of the shape), 
the Airy kernel process appears at a typical boundary point of the shape, 
and the Pearcey process appears when we have a cusp. In this paper we 
investigate a new limiting determinantal point process that has only been 
studied recently called the tacnode point process. This type of process can be 
obtained in situations where we have several starting and several endpoints 
for non-colliding Brownian motions, see [14] . [15] . [3J, [7J. 
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Consider n Brownian motions starting at at time t = and ending at 
at time t = 1. At time t they will lie approximately between ±y / 4nt(l — t). 
Thus, if we have two groups of non-colliding Brownian motions in the time 
interval < t < 1, one group of n particles starting and ending at y/n 
and the other, also with n particles, starting and ending at —\/n, then at 
time t = 1/2 the two groups will just touch each other at the origin. If 
we rescale by \/n in the vertical direction, then for large n the two groups 
of non-colliding Brownian motions will form ellipses which are tangent at 
the origin. We can think of this as two colliding Airy processes and we can 
expect the same scalings as for the Airy process. This situation is called a 
tacnode and the new limiting determinantal point process that we expect 
to see in a neighbourhood of the origin is called the tacnode point process. 
This point process is determinantal with a kernel that is more complicated 
than the sine, Airy and Pearcey kernels. It is not expressible as a single or 
double contour integral with elementary functions. For Brownian motions 
the tacnode process has been analyzed recently at a single time by Delvaux, 
Kuijlaars and Zhang, |16j . using a 4 x 4 Riemann-Hilbert problem. In an- 
other type of model, which involves, instead of Brownian motions, Markov 
chains with discrete space and continuous time, similar to those that occur 
for the polynuclear growth model, [30], Adler, Ferrari and van Moerbeke, 
[4] have obtained an extended tacnode kernel. If we consider this kernel at 
a single time we expect it, by universality, to be the same as that obtained 
in [16]. However the expressions obtaained are quite different and it is not 
immediate that they give rise to the same correlation kernels, although we 
expect this to be the case. In this paper we obtain the extended tacnode ker- 
nel for the Brownian motion model. The approach is not the same as those 
in [16] or in [3]. It does not use the Riemann-Hilbert method or orthogonal 
polynomials, but just as in [3] Toeplitz determinants and the Geronimo- 
Case/Borodin-Okounkov identity enter into the computations. The formula 
found for the extended tacnode kernel, see (jl.29p below, has similarities with 
that obtained in [3], but we have not so far been able to show directly that 
they give rise to the same correlation functions. Indirectly, that follows from 
the analysis in [5J. Although the formulas involve similar objects, the struc- 
ture of the expressions is different. Also, for a single time we cannot directly 
relate the kernel to that obtained in [16J, although, since they concern the 
same model, we know that they must define the same correlation functions. 

As in previously obtained scaling limits from non-colliding Brownian mo- 
tions we expect the tacnode process to be a natural, universal, scaling limit 
that should occur also in other contexts. In joint work in progress with Adler 
and van Moerbeke we will show that the tacnode process can be obtained 
in a random domino model called the double Aztec diamond, [5], a certain 
extension of the classical Aztec diamond random tiling model. Note that 
there is also another type of tacnode limit that has been studied, see [9]. 
In this paper we furthermore obtain formulas for the correlation kernel, see 
(|1.16p . when the non-colliding Brownian motions can be divided into two 



NON-COLLIDING BROWNIAN MOTIONS AND THE TACNODE 



3 



groups, n starting at a point a\ and ending at arbitrary points, and m start- 
ing at a point 02 and ending at arbitrary points. This generalizes the much 
studied case when we have a single starting point and arbitrary endpoints, 
which has found interesting applications in random matrix theory, see e.g. 

nu, im cm. 
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1.2. Results. Consider N non-colliding Brownian particles starting at 
fix, ... , at time and ending at isi, . . . , vjy at time 1. We assume that 
Hi < "' < hn and ui < ••• < i/jy. Let (t r ,Xj), r = 1, ...,£, 1 < j < N, 
be the configuration of the particles at times ti < < ■ ■ ■ < ty, i.e. at time 

(r) (r) 

t r the particles are at the positions x\ , . . . , x N . This forms an (extended) 
determinantal point process with kernel, [18], [23], [24] . 

N 

(1.1) £(s,u,t,v;n,v) = -p t -s{u,v) + ^2 Pi-s(u,i'k)(A~ 1 ) h jp t (iJ, j ,v), 

j,k=i 

where 

V Zttt 

if t > 0, p t (x, y) = if t < 0, and 

A = (PliVu Vj))l<i,j<N- 

Fix ai < a<i and set a = — a\. Also fix a large integer K. Choose the 
starting points 



(1.2) N 



ai + a(j - 1)/ K, if 1 < j < n, 

0-2 + a(j — 1)/K, if n < j < n + m, 



where N = n + m. If we let K — > 00 this will approach two starting points 
at a\ and 02- We assume that we have chosen our coordinate system so that 

bi = max Va < 0, 

i<j<™ 

(1.3) 62 = min Uj > 0. 

n<j<n+m 
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Let £.K,m,n(s, u, t, V) v) denote the kernel (jl.ip with this choice of initial and 
final points. We will instead consider the kernel 

/ u 2 v 2 \ ~ 

(1.4) C K , m ,n(s, u, t, V) v) = exp ( - ^ - - — J C K , m ,n(s, u, t, v; v), 

which gives the same correlation functions. Set 

i * . . ( u 2 v 2 \ , . 

(1.5 q(s,u,t,v) = exp — ; pt- s (u,v). 

\ ) h\ , , , j v \2(l-s) 2(1 -t) J 1 y ' 

We want to take the limit of £K,m,n(s,u,t,v;v) as K — > oo. This will give 
the correlation kernel for a process that we can interpret as n Brownian 
particles starting at a\ at time and ending at vi,...,v m at time 1, to- 
gether with m Brownian particles starting at 02 at time and ending at 
v n +\i ■ ■ ■ 1 v n +m at time 1, conditioned not to collide during the time interval 
(0, 1). The asymptotic result is given in theorem ll.4l and the limiting kernel, 
£m,n(s,u,t,v; v) is defined by (| 1 . 16[) . 

Remark 1.1. (Notation for contours of integration) In this paper we 
will need various contours of integration. We collect the definitions here for 
reference. Given c £ M let r c denote the contour t — )■ c + it, t 6 R, i.e. a 
vertical line through c. Let C s denote a circle with radius s and center at 
the origin, and let D\ and D_i denote circles with radii < 1 and centers 
at 1 and —1 respectively. Also, let 71 denote a simple closed contour in 
the left half plane, Hez < 0, that contains vi,...,u n in its interior, and 
let 72 denote a simple closed contour in the right half plane, Re z > 0, that 
contains v n +i, • • • , v n+m in its interior. Furthermore, given w with Re w < 0, 
let 71 w denote a simple closed contour in the left half plane that contains 
u±, . . . , u n and w in its interior. Similarly, given w with Rew > 0, let 72,^ be 
a simple closed contour in the right half plane that contains f n +i, . . . , v n +m 
and w in its interior. 

Let us first give the precise definition of the limiting kernel C m , n (s, u, t, v; v) 
that we will obtain. Before we can do that we have to define some functions 
that we need in the definition. Fix two numbers d\ and d<i that can depend 
on the parameters of the problem. They will be chosen appropriately when 
we take scaling limits, see (|1.2ip . Set 



d 



B v , t (x) = - ,,; v ^ / dw / dQe^-D 



{2iri) 2 ^T=tj Tc j lx 

n I -.111, 

(1.6) nfT^ n a 



i=i 



W 



where c > 0, and 



(1.7) Mx) = - d2 ^- [ dw eW^ w2+a ^-^ +axw H(l " w/u^) 
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Also set, 



71 J 12 

I 1 171 1 
u / v j - 1 TT 1 



" ' i "' i —ayu) 



(2m) 2 Vl- s 

and 
(1.9) 

( 27 ™) Ai C - w 1 - C/^- 11 1 - u/Vn+j 

Furthermore, we define 



B v>t (x) = - , N ; V _ / dw / d(e^ 



(2m) 2 V^ zr t 



t „„2 



72 



where c < 0, and 

(1.11) = / ^e^T- 2+a2 -S— JJ (w/l/ _ i). 



Also set, 



72 ^71 

m „ , n 



L 1 - z/v n+ j 1L 0j/l/j-lz-Uj' 



and 
(1.13) 

a 



M (x,y) 



(2m) 



! d( [ due- a <+ a ^—^ ft 1 ~ ft i— ffi 

J 12 J71 w - C ^ i - CK+j ^ i - Ufa 



To see that the expressions below are well defined we need the following 
lemma, which will be proved in section [U 

Lemma 1.2. The kernels Mq(x, y) and Mq{x, y) are of finite rank on L 2 [l, oo). 
Furthermore det(I — -Mo)^2[ l oo ) > and det(I — Mq)l 2 [i,oo) > 0- 
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We can now define L m>n (s, u, t, v; u) by 

did 2 L mtn (s,u,t,v,u) = — t^ 2 f dw [ dz 



w — z 



n I 

X g 2 (!- s ) aiz+ i-s + 2(l-t)™ Taiui i_t 



det(J - M + (B Vtt + M ® C u , s ) i2[1)0o) 

(1.14) H — — - — 1. 

det(/-M ) L 2 [liOo) 



did2L mjn (s,u,t,v;u) = - — f 1 ^ 2 / /" tfe- 



Similarly, we define L m ^ n {s, u, t, v; v) by 

(2ttz)V(1 -«)(!-*) -/r 4 - 2 



x e -2^ z2 - a2Z+ T^+w=T) w2+a * w - S fr 1 - 

Ml— zlVn+i 



3=1 

n , K . , det(J - M + (H^ + /V) g C Ut8 ) L 2 [lt00) 

yl.Lo) ~\~ 1. 

det(J - M ) L 2 [1)OO ) 

Set 

(1.16) £ m , n (s, u, f , f; v) = L m)n (s, u, t, v; v)+L m;n (s, u, t, v; v)-q(s, u, t, v). 

As discussed above this is the kernel for non-colliding Brownian motions 
with two starting points and arbitrary endpoints. Before stating our first 
main result we note that when 02 = —a\ reflection in the time axis gives a 
simple relation between L n ^ m and L m ^ n . 

Proposition 1.3. Assume that a>2 = —a% and set Uj = —v n+m+ i^j, 1 < 
j < n + to. Then, 

(1.17) L min (s,u,t,v;u) = L n>m (s,—u,t,—v;v). 

Proof. Using the definitions we see that in this case Mo = Mq, B Vy t{x) = 
(-l) n B^ t (x), p Vjt (x) = (-l)"/3_„, t (x) and C u , s (y) = (-l) n C. u , s (y). If we 
use these identities in f 1 1 . 1 5 j) we see from (|1.14p that (|1.17p holds. □ 

We can now formulate our first main result. 

Theorem 1.4. We have the following pointwise limit, 

(1.18) C m>n {s,u,v,t;u) = lim C Kmn (s,u,t,v;u). 

if — >oo 

The proof of this theorem is rather involved and will be given in section 

® 

We want to use the formula for £ mj „(s, u, v, t; v) to investigate the scaling 
limit of the determinantal point processes defined by this kernel in a case 
where we have a tacnode. A tacnode situation can be obtained when we 
have two groups of non-colliding Brownian motions starting at two points 
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and ending at two points. The starting and ending points are chosen in 
such a way that in the limit n, m — > oo the global picture of the paths 
consists of two tangent ellipses. With appropriate scaling near the point of 
tangency, the tacnode determinantal point process is obtained in the limit. 
We do not consider the most general possible geometry. Instead we consider 
a symmetric case. 

Consider the case when n = m, a\ = —a/2, a 2 = a/2, Uj = b\ = —a/2, 
v n .\-j = b 2 = a/2 for 1 < j < n with a > 0. Call this choice v* . Though we 
initially assumed that v\ < • • • < v at, we can let points coincide by taking 
a limit and using continuity. The determinantal point process with kernel 
£m,n(s, u, v , t; v) is still well-defined. Write 

C n {s, u, t, v) = £ n ,n(s, u, t, v; v*) 
and similarly for L and L. It follows from (jl. 17[) that 

(1.19) L n (s, u, t, v) = L n (s, -u, y, -v). 

Consider n Brownian motions starting at at time and ending at 
at time 1 and conditioned not to intersect. At time 1/2 the particles are 
distributed as the eigenvalues of an n x n GUE matrix, and hence are ap- 
proximately distributed as the semi circle law for large n. Therefore particles 
approximately lie between —y/n and \fn. Hence if we choose a = 2-^/n we 
expect that the two groups of Brownian motions just touch at time 1/2 in 
a region around the origin. The fluctuations of the largest eigenvalue of a 
GUE matrix are of order n -1 / 6 . These considerations motivate the following 
choice of scaling limit, 

a = 2Vn + crn~ 1 / 6 

S = i(l + Tin -V3) 5 t = I( 1 + T2n -l/3) 

(1.20) n =^in- 1/6 , v = ^ 2 n- l ' Q . 

The parameter a measures how much the two groups of Brownian motions 
press against each other, and the scaling in the time direction is such that 
we have the standard Brownian space-time relation. The numbers d\,d,2 in 
(|1.14p and (|1.15p will be chosen as 



V2 



(1.21) d 2 = IL-^ e -^+fc)-H. 

v2 

That did 2 should contain the factor n -1 / 6 can be seen from the volume 
element in (jl.20p . That n" 1 / 12 is the right choice for d\ and d 2 individually 
is something that comes out of the asymptotic analysis. The choice of the 
other factors is somewhat arbitrary and different conjugations will lead to 



8 K. JOHANSSON 

minor modifications in the formulas below, e.g. we could make the formula 
(jl.29p more symmetric by a different choice. Set 

p(ti,£i,t 2 ,&) 

(1.22) 



y/4n(T 2 - Ti) V 4 ( r 2 - n) 3 3 

and 

(1.23) i(ri,6,r 2 ,6)= / e A(r2 ~ ri) Ai + A)Ai (6 + A) dX. 

Jo 



Also, let 



poo 

(1.24) ^ Ai (x,y)= / Ai (x + A)Ai (y + A) dA, 

be the /Hry kernel. The Tracy- Widom distribution F 2 (s) is given by 

(1.25) F 2 ( S )=det(/-^ Ai ) L2(S)t3o) . 
Set 

roc 

(1.26) % r (x) = 2 1 / 6 / e 2 T Ai (£ + r 2 + 2 1 / 3 A)Ai [x + A) dA 

jo 

and 

(1.27) 6 fiT (x) = 2 1 /6 e -2r?+2 1 /3rx Ai ( _£ + r 2 + ^/S^ 

Write a = 2 2 / 3 <r to simplify the notation. Define 

£tac(n, 6) T 2, 6) = ^(n, 6 + if + r 2, 6 + t| + a) - l 

(1.28) + — — det(/ - K Ai + (%+ cr,r2 ^§2+o", T2) 'X 1 -^£1+0-,— ti)l 2 (<t,oo) 

-C < 2(,C r J 

and the extended tacnode kernel, 

Aac(ri,6,r 2 ,6) = ^tac(ri,ei,r 2 ,6) +e 2Tl5l - 2T26 L tac (r 1 ,-6,r 2 ,-6) 
(1-29) -p( T l,£l,r 2 ,6) l n <-n2- 

Note that the kernel in the Fredholm determinant in (jl.28p is a perturbation 
of the Airy kernel operator with a rank one operator and hence is a trace 
class operator. Our second main result is 

Theorem 1.5. With the scalings il.20\) and 11.21)) we have the following 
pointwise limit 

(1.30) lim did 2 C n (s,u,t,v) = C t ac(ri,Ci,T 2 ,C2)- 

We will prove the theorem in section [3l In the asymptotic analysis we use 
the fact that the objects that appear in C n (s, u, t, v) can be expressed using 
Laguerre and Hermite polynomials, and we use their known asymptotics. 

The formula (11.28j) can be written in different ways. Let us give another, 
somewhat more explicit, version. It suffices to give a formula for Ltac- 
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Let R(x, y) be the resolvent operator for the restriction of the Airy kernel 
to [cr, oo), i.e. the kernel of the operator 

(1.31) R=(I-K Ai )- 1 K A i 
on L 2 [a, oo). 

Proposition 1.6. We have the following formula, 

Ltacin, 6, T2, 6) = A( T U £l + T l + cr ' r 2> ?2 + r| + Cr) 

/•OO /"OO 

+ 2 l/3 e 2a(n-r 2 ) / / e 2 1 /3 (r2 ,_ Tl j / )^ 2(6+r 2_ a + 2 l/3 x) 

x y)Ai fa + rj 2 - a + 2 1/3 y) ofedy 

/"OO f'OO 

_ 2 l/3 e 2 CT(n -r 2 )-2r 2 6 / / ^/a^-ni^ • _ ff + T | + 

»/ cr •/ cr 

x A* (x + y - a)Ai fa + if - a + 2 1/3 y) dxdy 

/"OO /"OO /"OO 

_ 2 l/3 e 2.(r 1 -r 2 )-2r 2 6 / / / ^(r,™)^ ( _^ _ ^ + r | + ^/S^ 

»/ Cr J CT J (7 

(1.32) 

x i?(x, y)Ai (y + z - a)Ai fa + if - cr + 2 1/3 z) dxdydz. 

The proof is a computation and is given in section [3l An alternative 
tacnode kernel is given in [3]. This kernel also contains Airy-like objects 
just like (|1.32p but we have not been able to show that they are equivalent, 

1. e. give rise to the same correlation functions. 

Remark 1.7. It follows from the estimates ()4.6p . (|4.7p and (j4.8j) that for u, v 
in a compact subset of R wg hcLVG ci uniform bound. |-^if,m,n 

(s, u, i, w; i/) | < 

C. A similar statement holds for Ljc m>n . Together with the pointwise 
convergence result in theorem ll.4l this can be used to show that there actually 
is a point process with determinantal correlation functions and correlation 
kernel C m ^ n (s,u,t,v;i'). This follows from a theorem of Lenard, see [32j . 
and the fact that CK,m,n is the correlation kernel for a determinantal point 
process. An analysis of the argument used to prove theorem 11.51 gives a 
uniform bound of did2JC n (s,u,t,v) for £i,£2 hi a compact subset of R, and 
this can similarly be used to show that there is a determinantal point process 
with kernel £tac- 

2. The kernel for two starting points and arbitrary endpoints 

2.1. Formula for the kernel. Let us first recall some results about Schur 
polynomials and Toeplitz determinants that we need. For a partition A = 
(Ai, . . . , Aat) and x = (xi, . . . ,xn) we set 

a\(x) = det(x 4 Aj )i<ij<AT. 
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Let 6 = (N - 1, JV - 2, . . . , 1, 0). Then 

l<i<j<N 

is the Vandermonde determinant. The Schur polynomial s\(x) is given by 

(2.1) oa(*) = ^, 

a s {x) 

see e.g. |31| . Let e r (x) be the r:th elementary symmetric polynomial with 
generating function 

N 

(2.2) £>(z)C r = n( 1 + ^0- 

rez i=i 

The Schur polynomial is also given by the Jacobi-Trudi identity 
(2-3) v( x ) = det(e Mi _ i+j (x))5 =1 , 

where [i = (/ii, . . . , (jlk) and // is the conjugate partition to fi. Write 

< K m >= (K,...,K,0,...,0) with m parts equal to K. Note that 

< m K >'=< K m >. Hence, by (jZ5j) , 

(2.4) s<^ m> (rE) = det(e m _i +J (a;))^ =1 . 

The right side of (|2.4p is a Toeplitz determinant. Recall that if / 6 L 1 (T), 
where T is the unit circle, the Toeplitz determinant D n [f(Q] with symbol 
/(C), C G T, is defined by 

(2.5) D n [f(()}=det(f j — i)l<i,j<m 

where fk is the fc:th Fourier coefficient of /. The generating function for the 
Toeplitz determinant in the right side of (|2.4|) is, by 



N 

N n N 

j=n+l j=l j=n+l 

where N = n + m and we have assumed that x n+ ±, . . . ,xn ^ 0. Thus, 



(2.6) s <K ™>{x) = D K 



N n N 

II ^-11(1+^0 n a+^c 1 : 

j=n+l j=l j=n+l 



Let us now turn to the problem of rewriting the kernel (jl.ip in a way that 
is suitable for our problem. The initial steps are similar to those in [22] . 
Let p denote the column vector p = (p t (fii,v) . . .p(fi n ,v)Y and (Alp)^ the 
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matrix A with column k replaced by p. By Cramer's rule and (ll.ip we then 
have 

(2.7) £(s, u, t, v; /i, v) = -p t - s (u, v) + ^pi_ s (u, u k )— t^j-^- 



det^ 

k=l 



Note that 



(2.8) Pt(x,y) = — 62(1 ° [ eW=t) {w2 - 2vw) p x {x,w)dw. 



Set 



(2.9) „<*> = 

J if j = k, 



Then, by (I2T81) . 

det(Ajrtj = gfg / c ^(^-2^) det(pi(/x^f)) ^ 
detvl ^2^(1 - i) Jr c det(pi((x h vj)) 

Inserting this into (j2.7|) and using the definition of Pt(x,y) we find 



e 2(l-t) 2(l-s) /• u, 2 mm, 

C(s,u,t,v,fj,,iy) = -p t - s (u,v) + - : =/ e 2 d-*) 

27r«V(l - s)(l - t) Jr c 

^ ^ + ^.det(pi(/x i ,z^f ) )) 

^ det(pi(^,^)) 

Hence, by (jl.4p and (|1.5p with the choice (jl.2p of fj,j, 

CK,m,n(s,u,t,v;v) = -q(s,u,t,v) H = / e 2 ^-*) 

271^(1 - s)(l - i) 7r c 

, , A .^L+^det^^,^)) 

(2.11) x^e + J dw . 



Note that, by ([T2 



(2.12) = a, + ^(5+ < K m >) 
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Using ([2.121) we see that 



det^Ou^-)) = ^_L^det(e-^-^) 2 / 2 ) = ^-L^ jj e "^+^/ 2 det((e^ ) 



(2tt)^/ 2 



'a5+<A m >(z), 



3=1 

where Xi = exp(aui/K). If we set x\ = exp(ai^ / K) , then by ([2.1 



det( Pl ( M ^ (fc) )) _ s<Km> (x^) a s (xW) (vi _ w 2 )/2+a , (w _ Uk) 



(2.13) 



det(pi(/Uj,i/j)) s<A™>(aO a«5(x) 
Recall that N = n + m, and set 

n n+m 

(2.14) 5A -(C) = 11(1 + e^/^C) I] ( X + ^V). 



i=i 



j=n+l 



Note that 



iV n -| _i_ e aw/K/- iv 

.7=1 S .7=1 



Hence, by (l2T6j) . 



(2.15) 



CAN 



S< J ft-m > (x) £>a[Sa(C)] 

Also, note that by the definition of as, 



(2.16) 



asfaW) _ -j-r e aw / K - e av il K 



^au k /A g a ^j / A ' 



If we insert ([27T5]) and (ETTBI) into (l2~T3|) and use (l2~TT]l we obtain 
jOK,m,n(s,u,t,v; v) = -q(s,u,t,v) H ===== / r-'^ 7 ' 



2^*^/(1 - s)(l - *) 



" 1-t 



(2.17) 

n+m 

x E e " 
fe=i 

Note that 
(2.18) D K 



^K D K \ 1^*K C 9K(0} e a W /K_ e au J /K 
" " 11 



Dk[9k(C)] 



j=l,j¥=k 



dw. 



' 1 + e aw/K^ 
1 _|_ e au k /K(^ 



9k(0 



a(w-v k ) 



D K 



1 + e ~ aw / K C 

I _|_ e -av k /K£ 



9k(C 1 ) 
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Set, 

(2.19) F K (w,k) 
for 1 < k < n, and 

(2.20) F K (w,k) = 
for n < k < n + m. Define 

LK,m,n{s,U,t,V,v) = 



D K 



l+e aw l K C 



D K [g K (0} 



D 



K 



1 + e -aw/K ( - 



9k (C 



Dk\9k(C- x )\ 

1 



g2(l-t) 



(2.21) 
and 



a 2 , «"k P aw/K _ P auj/K 

fc=i j=ij^k 



LK,m,n(s,U,t,V,v) 



2my/(l - s)(l-t) 



n+m 



(2.22) X \ fi -irfcT"» 2 -""»+S 



E «■ 

fc=n+l 



j=l,j¥=k 



e av k /K _ e <Wj/K 



dw. 



Then, 
(2.23) 

C<K,m,n{s, u,t,v; v) = -q(s,u,t,v)+ L K ,m,n(.s,u,t,v; v) + L K>mtn (s,u,t,v; v). 
This representation is useful for the analysis of the limit K — > oo. 

2.2. Proof of theorem 11.41 We want to take the limit K — > oo in (|2.2ip 
and ()2.22p . Before we can do that we rewrite the Toeplitz determinants 
in ()2.19p and (|2.20p using the Geronimo-Case/Borodin-Okounkov (GCBO) 
identity, [21], [ID]. Consider first the kernel LK, m ,n{s, u, t, v; v). To simplify 
the notation we write 

a aw/K a _ & az/K 



a = e 



li = e 



aUj/K , l<j<n, Si = e ~ aVn +^ K , l<j< 



m. 



We assume that Rez < and Rero < so that all numbers have absolute 
value less than 1. This means that we assume that c < in r c in (|2.2ip . 
The function gx in (12.14D can now be written 

n m 

(2.24) g K (C) = U(1 + 7iC) II^ 1 + 

3=1 3=1 

Note that /3 = 7fc if z = v^. 
We want to express 

"1 + aC 



D K 



1 + /3C 



9k(C) 
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using the GCBO identity. We use the formulation given in [8]. Let 
where 

HS 3=1 

m 
3=1 

Note that (j>+ is analytic and non-zero in \Q\ < 1, and is analytic and 
non-zero in \(\ > 1. Also, <fi+(0) = (f>-(oo) = 1. Let 

and 

oo 

Z = £j(log0) J -(log$_ i . 

Then the GCBO identity states that 

(2.26) D K [<f>(0] = det(J - /C) £ - 2(x) , 

where we have introduced the notation P(K) = £ 2 ({K, K + 1, . . . }). 
A computation gives 

j=i j i=i j=i 

We also get 
(2.28) 

(l:) r+ r^l,^n< 1+ «- , 'n (1+ ^- , ^ +<, f' 

where C s denotes a circle of radius s around 0. We have to assume that 
\as\\ < 1, 7jSi < 1, 1 < j < n, i.e. 

(2.29) si < e" aRe e - a ^/^, 1 < j < n . 

Furthermore, 
(2.30) 

where we require |/3s2| < 1 and | (5s^" 1 1 < 1, i.e. 

(2.31) e -av n+j /K <S2<e -aRez/K^ \ < j < m . 
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Inserting (|2.28l) and (|2.30p into (12.2511 we obtain (after changing £ to — ( and 

co to — w), 

(2.32) 



(2") 2 Jo„ Jc n (l-aC)(l-/3")C +1 C-"ff„,„(w) : 
provided that also 

(2.33) si > s 2 - 
Here, 

m n 

(2.34) jj m , n (C) = H(l - SjC 1 ) H(l- TiCT 1 - 

i=i i=i 
Hence, by (l236|) and (12371) . 



(2.35) 



1 + aC 

:5k(C) 



1 + /3C 



nb^niK 1 -^)" 1 ^-^ 

j=i j i=i j=i 

with /C given by (l232|) . and where si,s 2 satisfy (I2T29D . (g^D and (l2~33j) . 

We can take w = z so that a = (3. This gives 



(2.36) [ 5 k(C)] = II " det ( 7 " K °)HK)> 

i=ii=i 

where 

r9 ^ r ^ (~ 1 ) r " a f as f a 1 ^"(0 

(2.37) /C (r,s) = . 2 / dC / do;-— j- ^ — , 

(2vrz) 2 J c J c C r+i C - w H m)n (uj) 
From (|2.29p . (|2.3ip and (|2.33p we can summarize the restrictions on s\,S2, 

si < mm(e- aRcw/K ,e- au * /K ), 

(2.38) e-^n+i/K <S2< uim( Sl ,e- aRe ^ K ), 

1 < % < n, 1 < j < m. For s' l7 s' 2 there are no conditions related to z and uu 
so we get instead 

(2.39) e -au n+l /K < s / < g / < g-a^/tf 

1 < z < m, 1 < j < n. 

The factor (— l) r_,s in (|2.32p and (|2.37p can be removed without changing 
the Fredholm determinant. The change of variables u — > 1/uj then gives the 
following kernel, which we denote by JC( z ' w \r, s; K) to indicate the depen- 
dence on 2,t« and K, 

JC {z ' w \r,s;K) 

(2.40) 



(27ri)2 J Csi J Cs3 (1 - aC)(l - fa-*) ^C+i (uj _ 1 H m n{u] -i) ' 
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where S3 = l/s2- We get the following condition on S3 from (12. 381) . 

max(— ,e aRe ^ K ) < s 3 < e au ^ /K , 
si 

1 < j < m. We can take si,S3 > 1 in (|2.40p and notice that we are 
interested in r, s > K, where K is very large, actually tending to infinity. 
Looking at the integrand in (I2,40p we see that in £ we have poles at £ = 0, 
C = 1/w, C = l/ a ~ 1 — aw/K and Q = l/'jj ~ 1 — auj/K, 1 < j < n. In 
the bj variable we have poles at oj = 0, oj = l/£, oj = (5 ~ 1 + az/K and 
bj = 1/Sj « 1 + au n+ j/K, 1 < j < m, compare (|2.38p . Hence, we can, for 
large r, s, deform C Sl and C S3 through infinity without hitting any poles to 
curves given by 

(2.41) C = 1 - (' G 71,™, w = l + ^-, W 'e 72) 

where 7i iW and 72 are as defined in Remark 11.11 We obtain 

lr ' S ' Aj " (2vr,)2Ki 7iw ^ i 72 dW (l-a(l-aC'/^))(l-/3(l + a^)- 1 ) 

(2.42) 

K 1 1 gm,n(l ~ gCVjO 

X (1 + a^'/i^U - aC'/^) r+1 f [(1 - </^)(l + au'/K) - 1] F m , n ((l + auj'/K)^) ' 
Define 

(2.43) = KK^ w \[xK\,[yK\;K). 

We can expand the determinant det(I — & z ' w ^)j>(K) m a Fredholm expansion 
and use ()2.43p to obtain 

00 (—~\\ m 00 

de t {I -JcM) iHK) = Y, K —^r E det(JC^ w \r t ,r f ,K)) mxm 

m=0 ' ri,...r m =_R' 

00 / 1 \m r 

(2.44) = / det(^(x,,x j; K)) mxm d m x. 



m=0 



In (|2.43p we can take the limit K — > 00. Note that 

m n 

H m , n (l - aC'/K) = H(l - e -*W* (1 _ < / 'R)' 1 ) \{ (l - e^/*(l - ag/K) 
i=i j=i 



as if — > 00, where 



(2.45) H m , n (C) = J](l - CK+i) H((/vj ~ 
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Also, 



H m>n ((l - aoj'/K)- 1 ) = - e -«W*(l + aoj'/K)) ]J (l - e a ^' K {l + aJ/K)- 1 



-i 



"tt i — r 1 
ll^+ill^ 7 H m,n{u), 

i=i i=i / 

as X — > oo. The other parts of the integrand in (|2.42p are easy to analyze 
as K — > oo and it is not hard to see that for any fixed x, y, z, w all the limits 
hold uniformly for £' G 71 w and u' S 72. In this way we see that pointwise 
in x,y,z,w, 



(2.46) 

where 
(2.47) 

M^ w \x,y) 



lim & z ' w \x,y;K) = M (z ' w \x,y), 

K— >oo 



(2tu)^ 



71, 



72 



(z-C)(w-o;) e^-"^ ff m , n (C) 



for Rez < 0, Re if < 0, x, y > 1. Note that 

00 

(l-a('/K)^ xK } = ex V (-[xK]log(l-aC/K)) = exp([xK] ^{aC/K) m / 



m) 



k=l 



for £' G 7i |tu and large enough K. Since 7i )W lies in the open left half plane 
there is an e > such that Re£' < — e < for all G 71 w . Hence, 



(1 - aC'/K) 



-[xK] 



for all £' G 71 w and large X. In this way we see from (|2.42j) that there is a 
constant C independent of K such that 



(2.48) 



JC (z > w \x,y;K) < Ce- a < x+y)/2 



for all x, y > 1, K sufficiently large. 

It follows from (12.441) . (12.46f) . (|2.48p . the Hadamard inequality and the 
dominated convergence theorem that 



lim det(/-/C( z '^; 



if— >-oo 
00 



^ 2 (if) 



(2.49) 



E 

m=0 



("1) T 



ml 



[l,oo) r ' 



det(M^)(x i ,x i )) m x m rf m x, 



where /C<>>^ is given by fl2^0D and by (I2T4TD . By lemma O (a) 

is a finite rank operator and hence the Fredholm determinant exists 
and equals its Fredholm expansion. We obtain 



(2.50) 



lim det(J - K,^) HK) = det(J - M^) L2[hoo) . 



K — >oo 
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Set M = M( 2 ' 2 ) so that M is given by (fO]l . It then follows from (|23Uj) 
and (|237|) that 

(2.51) lim det(I - /Co Win = det(I - M ) L2[1 } , 

and we know from lemma I4TT1 (b) that the right hand side is positive. 
If we combine (|2TT9jh (|235j) and (123BD we see that 

* K \w, k) - yy 1 _ aS . det(/ _ ^ o)p(jf) • 

Since 

Um tt l^M = tt - 

AT-^oo- 1 -- 1 1 — add - LJ - Z/n-L, — W 

we see from (|2.50|) and (|2.51|) that, pointwise in w, Rew < 0, 

(2.52) lim ™ = n ^-^ de f- M ':: W) 

k^oo fJJ ^ n +j - w det(7 - M ) L 2 [liOo) 

for 1 < k < n. 

We can now use (12.521) . the estimates (14, 6j) . (14. 8p . which will be proved in 
section [U and the dominated convergence theorem to conclude that, point- 
wise in s, u, t, v, 

lim L m ^ K (s,u,v,t;u) = ——== / dwe 2 ^ w +aiW - — 

A-*x, 27TZi/(l - s)(l - t) Vr e 

(2.53) 

x V e -^l--- + a TT ^-^det ( /-M^-)) L2[1 ^ 
S ^l^^-^i det(/-M ) L2[l5Oo) 

for c < 0. 

The argument used above to analyze L mtn ^K(s,u,v,t; u) can also be ap- 
plied to L mjri! K(s,u,v,t;i>). If we look at (|2.20|) we see that we can per- 
form exactly the same argument with the changes n m, u\,. . . ,u n — > 
-u n+ i, ... , -v n+m and v n+ i, ... , v n+m ->■ -i^., . . . , -v n , as well as w -)■ -to 
and z — > — z. Define, 
(2.54) 

[X ' V) (2ttW 7 / C %"C)(^) cu-C i? ro ,n(C)' 

for x,y > 1, Rez > 0, Rew > 0. Also, set M = M^ 2 ' 2 ) so that M is given 
by (fTTT3D . We get, 



(2.55) lim F K (w,k) = TT 



^■-^det(J-M(^)) i2[li0o) 



A'^oo g vj ~ w det(7 - M ) L 2 [1)Oo) 
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pointwise in w for Rew > 0, n < k < n + m. Similarly to above we obtain, 
pointwise in s, u, t, v, 

lim L mnK (s,u,v,t;u) = 7f=== = / dwe^ T ^ w +a2W ~~ 

K-toc 2my/{\ -s)(l -t) Jt c 

(2.56) 

" + "' * vi - a2Uk+ ^ w -u j det(I-M^ )) i2[1)0o) 



x 



k^ + i j=n it^ k »k-»j det(/-M ) L2[1)Oo) 



for c > 0. It follows from the residue theorem that the right hand side of 
(|2.53p can be written as 

L mn (s,u,v,t;v) = ; 1 = f dz f dwe^) w2+aiW ~^ 

M ' (27ri)V(l "«)(!-*) 4 4, 

(2.57) 

e __^ 22 _ ai2+s ^_ ™ w -^det(/-M(^)) L2[1;00) ^ 
w ~ z j}{ z ~ v i det(J - Af ) L 2 [liOo) 

and similarly for the right hand side of (|2,56p we obtain 



12 



L m n (s,u,v,t:u) = ; / dz dwe 2( - 1 -^ w +a-2W 1 ~ t 

' (2m)^{l-s){l-t) 

(2.58) 

c -on^z 2 -a2z+T^ 1 TT 

9/1 r J- J- 



1 »+p ^-^det(/-M(^)) L2[li00) 



- ^ ^! * " "j det(/ - M ) L 2 [1(0o) 



Here ci < is chosen so that T C1 lies to the right of 71 and C2 > is chosen 
so that r c2 lies to the left of 72. 

To prove theorem ll.4l it remains to show that these expressions agree with 
those given in (11. 14ft and (|1.15p respectively. Since 

(z - ()(w-u) _ (w - z)((-uj) 
(w-()(z-u) (C-w)(u-z) 

we see that 

(2.59) Af = M -(w- z)bf ® b\ 
as operators on L 2 [l,oo), where 

(2.60) bf(x) = p: [ H m>n (Q^— d( 

2m J„i C — w 

and 

p -ayw 

72 



(2.61) %) = rMm,n(C du. 

2m /.,„ to — z 
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Define 

< M2 > - i^?=r n - 0" 

and 

From (|2.57p we now obtain 

did 2 L m . n (s,u,t,v; v) = [ dz [ dwF Uja (z)G V)t (w) — - — 

J-n w - z 

det(J -M + (w- z)bf ® 6f) i2[li0o) 

(2.64) X ; r — -. 

det(/-M ) L 2 [liOo) 
Next we use the following lemma that will be proved in section UJ 
Lemma 2.1. The following identity holds 

dz [ dwF UtS (z)G Vtt (w)^— det(J - M + (w - z)V? <g> bfW.oo) 



dz [ dwF us (z)G vt (w) — 1 

7i Jr B1 w ~ z 



det(I- M ) L 2[ l oo) 



(2.65) 

F u ^z)b\dz 



+ det^I-M +\J G v , t (w)V? dwj ® Q 
Now, 

/ FuMbldz=-^!_l dzf due~^^ a ^ 
J yi (27rz) z vl - s J 7l J 72 

" / z \ _1 e -ayu 
(2.66) * TT _ _ i ^(w)- 1 = C u , s (y), 

where C U:S (y) is given by (|1.8|) . Also, 



L 2 [l,oo) 



di\fa 



3=1 S/ J .7 = 1 S 



< ...2 l DIM 
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We can move 7i jt0 to a contour j[ w in the left half plane that contains 
i/i, . . . , v n but does not contain w. This gives, 

Jr ci {2m) 2 Vl - 1 Jr ci Jy l m 

4t , " 1 n(i-cM— 

}i cm - 1 /i; w 3+n) c-w 

(2.67) 



+ 



„ . 7; = / dwe^-t) !-* M(l-u;/i/ J - +n ). 



r- 

In the first integral in the right hand side of (|2.67p we can choose c\ > 62, 
where 62 is defined in (j 1 . 3 j) , and then deform 7^ w to 71 . We see that 

G^Mfti" dio = B„, t (x) + A, t (x), 

r ci 

where B v> t is given by (|1.6p and /3 Vi t by (jl.7p . It follows that the right hand 
side of (|1.14p agrees with the right hand side of (|2.64p . 

For the rewriting of L m ^ n we obtain instead of (|2.59p the kernel 

(2.68) M^ = Mo + (w - z)bf ® b z 2 , 
where Mq is given by (|1.13p . 

fa I" P - ax ( 

(2.69) h ^ x ) = ll H^iC)- 1 - d( 

2m J^„ C~ w 



and 

(2.70) b *(y) = ^ Hm . n (co) dw. 

2-ki ./ 7l ' uj - z 



Also, instead of (|2.62p and (|2.63p we need 

i=i 



-1 



(2.72) G v , t [ W ) = *^=eW^^~^ f[(l-^- 

2m\fl-t V u n+j 

From (I2.58P we obtain 

did 2 L mn (s,u,t,v;i/) = [ dz [ dwF u Jz)G vt (w) — - — 

J '72 Jr C2 w-z 

(2 73) x det(J - Mp -(w- z)bf <g> k) L 2 [hoo) 

det(J - Mo)l2[i,oo) 
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Using lemma 12.11 again we get 

dz / dwF UjS (z)G v>t (w)^— det(J -M Q -(w- z)bf ® b z 2 ) L 2u oo) 
72 Jr C2 w-z 



dz I dwF us (z)G vt {w) — - 1 

72 Jr C2 w-z 



det(/-M ) L2[1 

,oo) 



(2.74) 

+ det(l - M - (J G v , t (w)bf dw)®(^J F U!S (z)b z 2 dz^j 



L 2 [l,oo) 



Now, 



F u , s (z)b Z 2 dz= - f^— I dz I dcoe-^ z '- a2Z+ ^ 



(27Tz) 2 \/T S j- : ./- 

2-75 xTT- p±lTT = C MiS y, 

where C u ,s{u) is given by (|1.12p . Also, 

G v , t (w)bf dw = - |^L= / du / dCe^ w2+a2 ^ S 



x 



c 2 J 72,w 



m 1 , ;/ —art 

nl - w/^n+i rr,., e ^ 



We can move 72,10 to a contour 72 w in the right half plane that contains 
iVfi, . . . , fn+m but does not contain u> in its interior. This gives, 

G v , t (w)hy d w = - ^ 9 ^L- /*!,/■ dCe^)- 2+a2W -^ 



(2 . 76) + d2 ^_ / dwe^ w2+a2W - TT^ _ 1). 

27r i Vl-tJr C2 

In the first integral in the right hand side of (|2.76p we can choose c 2 < b 2 
and then deform j' 2 w to 72 . We see that 

G v j(w)bf dw = B V)t (x) + P v ,t(x), 

where B v t is given by (jl.lOp and f3 V f by (jl.llj) . We conclude that the right 
hand side of (|2.T3[) agrees with the right hand side of (|1.15p . This completes 
the proof of theorem 11.41 
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3. ASYMPTOTICS AND THE EXTENDED TACNODE KERNEL 

In this section we will prove theorem 11.51 by analyzing the asymptotics of 
the kernel C n (s,u,t,v) which we get from C m , n (s, u, t, v; v) when we make 
the special choice m = n, a\ = —a/2 = —02, v\ = ■ ■ ■ = v n = b\ = —a/2, 
u n+ i = • • • = u n+m = 62 = i/2, where a > 0. By (I1.19P it is enough to 
investigate the asymptotics of L n (s, u, t, v) and q(s, u, t, v) under the scaling 
given by (lOHI) . Note that, by (Oi|l . 

did,2L n (s,u, t,v) = : 1 2 f dw f dz 



(27ri)V(l-s)(l-0 Jr U w-z 

x 5(R^W2 + ^ + 5( ^» 2 -»/2-S ( 1 + 2w l a 

l + 2z/a 



, det(I-M + (B V)t + p Vt t)®C U)S ) mioo) 

(3 1) — 1 -I 1 ' ' 

det(I-M ) i2[1)Oo) 



In this case, 



B vAx ) = To ^f— [ d w [ dCe ^-^-^< 1 



(3.2) x (^)" (1 + *»/«)", 

(3.3) ^ t(x) = d2 il_ [ dwe W^ w2 - aw / 2 -^+ a ™(l - 2w /c 

2niy/l — t Jt 



C U AV) = J^§= s f dz I d.e-^^1^-^ 1 



71 ^72 id Z 



(3.4) 



l + 2u/a\ n 1 



l-2w/o/ (l + 2z/a) n ' 



and 
(3.5) 

Here 71 can be taken to be a circle of radius < a/2 around —a/2 and 72 a 
circle of radius < a/2 around a/ 2. 

The functions B Vj t, Pv,t, C u , s and Mo can all be expressed in terms of 
Hermite and Laguerre polynomials. This means that we can use known 
asymptotic results for these polynomials in our asymptotic analysis. It would 
also be possible to use the above formulas directly in a saddle-point analysis. 
In (|3.2j) we make the change of variables ( — > —aQ/2 and w — > aw/2. Let 
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D\ be a circle with radius < 1 around 1. Then, 

v ' tK 1 2(2iriyVT=t J Vo J Dl C + w 

(3.6) x (i±£) n (l + wr . 

In (13, 3p we make the change of variables w — > —aw/2, which gives 

n3/2j r a 2 t ...2 , f a 2 , av a 2 x \„„ 

(3.7) p vt {x) = , r—s I dwe^ T=I ) w + K^ + W^)-—) w (i + w ) n . 

(47nVl - 1) Jr 

Furthermore, in (|3.4p we make the change of variables oj — > au/2, z — > az/2. 
Let -D_i be a circle around —1 with radius < 1. Then, 



c u ,s(y) = , a ' l— / dz / d ue-w^ z2+a2 ^ + ^~ a2 y^ 



2(2vri)Vl - s J D _ 1 J Dl u-z 
(3.8) 

1 + OJ \ 1 



l-^y (i + z) n ' 

Finally, in (|3.5p . we make the change of variables to — > aw/2, £ — > —a(/2, 
which gives 
(3.9) 



a 



2 



M (x,y) = d( duj 

2{2my J Dl J Dl C + uj V 1 — C 

We will use the following formulas for the Hermite and Laguerre polynomi- 
als. Let h n (x) denote the normalized Hermite polynomials w.r.t. the weight 

2 

e~ x on M. Then 

(3.10) — / (w + l) n e Aw2 - 2Bw dw= 6 ^L /A h n {^= + VA), 

and 

, s 1 f e~ Az2+2Bz , vr 1 /^^)"-! d 

(3-H) / "T^^r dz = )j— == e - A - 2B ^-i(-= + v/I). 



2^7^ (z + l)« " y/(n-l)\ y VA 

These formulas follow from the classical integral representations of the Her- 
mite polynomials. Let l\(x) denote the normalized Laguerre polynomial 
with weight xe~ x on [0, oo) and with positive leading coefficient. Then, 

(3.12) ^- J (I±£f dC = -2^lHU(x), 

as can be derived from the contour integral formula for Laguerre polynomi- 
als. In (13.61) we can write 



1 



C + w 



OO 



dX, 
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since Re (£ + w) > 0. Hence, by (IXTOl) and (IXT2]) . 



2^T^tJ V 2 Wr () 
1 /" 3 -(a 2 a:+2A)C/2 A + C 



-(a-x+w* _^ dC \ dX 

_ _a^7^Vn / « 2 t y ( " +1)/2 f« ( a2/8+ ^ +A/2 ) 2 

72^/471—^^(1-*); Jo 
(3-13) 

In (|3.7p we can use (|3.10p directly and obtain 

„ , , a 3 ' 2 d 2 Vri. ( ah \- ( " +1)/ ' 2 _w-n(£,_J_ .. \* 



, . 1 8(1 - t) (o?x a 2 av \ a 2 t 
(3.14) xhn [ J ^-^( — ---——) + 



a 2 t V 4 8 4(1 - i) J y 8(1 — t) 
Next, in d3T8j) we use flgXED , ff37T2D and 

' dX, 



1 



w — z 

to get 



00 

-X(ui-z) 



aW^y/Hir 1 /* ( a 2 s ^ ~ (n ~ 1)/2 '<*> 



C us (v) = ^ = —, r / e st 1 -") 4 2 ^-"y 

u ' syy > y^iyTTr^ V4(i-s)/ ' 

(345) 



x"»- (^(T + ^ + 5) + ViR^)'-^^ + 2A),tt - 

Finally, in (j3.9j) we use (C + u;)- 1 = J °° exp(-A(C + w)) dA to get 
(3.16) 

/•oo 

M {x, y) = 2a 2 n / e~^ x l 2 ^ i\_ x [a 2 x + 2A)e"( a2s '/ 2+A ^_ 1 (a 2 y + 2A) dX 



We would now like to insert the scalings (|1.20p into (|3.ip and take the 
limit as n — > 00. For this we use the following asymptotic results for the 
Hermite and Laguerre polynomials. 

Lemma 3.1. Uniformly for £ in a compact set we have the limit 
(3.17) n^K (7^ (1 + ^3)) e^ 1+ ^ 2/3 ) 2 2 1 /^( 2 £) 
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as n — )• oo. Also, there are constants c,C > so that 



(3.18) 



n 



i + 



n 2/3 



3/2 



/or a/Z £ > 0, and 



(3.19) 



^( 1+ i^)) e "" (1+5/ri2/3)2 



2 /St, 1/3 



for all £ > n 2 / 3 . Furthermore, uniformly for ^ in a compact set, 
(3.20) n 5 / 6 ^ f 4n (l + \ e ~Mi+^) ^ 2 -^ Al (2 2/3^ 

as n — )• oo. There are constants c, C > 0, so i/iaf 



(3.21! 



" 5/ ^( 4 "( I + ^)) 



-2n(l+^/n 2 / 3 ; 



/or aZZ £ > 0. 

Proof. Fix o" > small and let 



F(x) 



/V|i-y 2 l 2 dy 



From [13J, theorem 2.2, we have the following asymptotic formulas for the 
normalized Hermite polynomials 



h n {V 1 Mx)e- nx2 = (2n)' 



-1/4 



1 +X 
1 — X 



1/4 



3nF(x)] 1/6 Ai(-[3nF( 



12/3^ 



(3.22) 

for 1 — 5 < x < 1, 



1 -x 
1 + x 



1/4 



[SnF^r^Ai'HS^M] 273 )} (1 + 0(n -1 )), 



/i n (v / 2^x)e- ra2 = ( 2n )~ V4 | ' [^nF(x)f 6 Ai([3nF{x)f 3 ) 

r _i\l/4 , 

- — - [SnFixT^Ai'dSnFix)] 2 / 3 ) \ (1 + O 
x + 1/ " J 



(3-23) 

\x + 

for 1 < x < 1 + 5 and 



n 



(3.24) 



/i n (V2^x)e- ra2 < Cn-V^W 



for x > 1 + 5. These asymptotic formulas and estimates together with 
asymptotics for the Airy function and its derivative can be used to prove 
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(pTTTD to (1X191) . Let us give the proof of (j3~19]l . If £ > n 2 / 3 , then x 
1 + £ /^ 2 ^ 3 > 2 so we can use the estimate (I3,24h . We obtain 



1/12 h 



'2n 1 + 



c 

< z ~ exp 



nV6 

for all ^ > n 2 / 3 . Now, 

/•l+5/n 2/3 
Jl 



-?7 



n 2 /3 
l-K/n 2 / 3 



-n(l+£/" 2/3 ) 2 



V^ 2 - 1 dt 



1 



V i 2 - 1 dt > 

2 



/ tVi - 1 A 2 * > -4 / 

A/2 \/2 M 

2 



2^/2 



1 + 



2/3 



77 



1+C/n 



2/3 



tdt 



1 



2^/2 V™ 2/3 



1 + 



71 1 



4 / 3 7 ~ 2>/2n 4 /s 



> 



if £ > n 2 / 3 . This proves (|3.19p . 

In [31] formulas similar to (|3.22[) to (|3.24p are given for generalized La- 
guerre polynomials and specializing to the Laguerre polynomilas we are 
considering we can use the results of [M] to prove (|3.20p and (|3.2ip . (In 
the notation of [31] we are considering the case when a = 1, Q(x) = x, 
which gives h n (x) = 4, dfj, n (x) = 27r~ 1 y / (1 — x)/x, /3 n = 4n and ip n (z) = 
2(m)~ 1 (z - l) 1 / 2 /^ 1 / 2 . We can then use Theorem 2.4 in [3j].) □ 



These asymptotic results and estimates can be used to prove the next 
lemma, which contains the essential asymptotic results that we need. 

Lemma 3.2. Consider the scaling il.20\) and choose d\,d2 as in 11.21]) . 

We have the following pointwise limits, 

(3.25) 



lim n~ 1/3 B Vlt (l+ 



xn 



-2/3) 



V2 I e 2l/3 ^ x Ai(^+Tl+a+2 1 / 3 X)Ai(2 2 / 3 x+d+X)dX, 



(3.26) lim n'^pvtil + xn' 2 / 3 ) = V2e 2T2ix ~^ Ai + a + 2x + rf), 
(3.27) 

poo 

lim n-^Cu s (l+yn" 2/3 ) = - V5 / e^'^Ai i^+Tf+a+2 1 / 3 X)Ai (2 2 ^ 3 y+a+X) dX 

n->oc J Q 



and 
(3.28) 



lim n" 2/3 M (l + 



xn 



-2/3 



1 + yn-2/3) = 2 2 / 3 i^(2 2 / 3 x + or, 2 2 / 3 y + a) 



We also have the following estimates. There are constants c,C > so that, 
for all x,y >0, 



(3.29) 



7? 



xn 



-2/3 -i 



< Ce 



2N 
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(3.30) 

(3.31) 

and 

(3.32) 

Proof. Set 

X n {\) = 
(3.33) 



n-^CuAl + yn- 2/3 ) 



< Ce~ cx , 

< Ce- cy , 



ii 



" 2 / 3 M (l + xn~ 2/3 , 1 + yn" 2 / 3 ) 



< Ce' c{x+y) . 



8(1 - t) (a 2 av y 



aH \8 4(1 -t) 2 J U 8(1 — t) 



aH 



2^pri V t dy/ri V t 



and 

Y n (X) 
(3.34) 



r— ( a Vi+VT^ 1 v ll-t A ll-t 
V2n H — , 1 H ^1/ h 

8(1 - t) fa 2 



+ 



ai' 



aH \ 8 4(1 - i) 2 
a 2 a 2 (2t-l) /2£ — 1 v 



+ 



16t(l — t) 



+ 



Also set 
(3.35) 



2t at 



TT 1 /^ V. 4 (! -*) 



a 2 i 



(1 -t)X 2 _ v 2 av(2t 
aJi 4t(l - t) + 4t(l 

-(n+l)/2 



(2 2 CI 2 n /q A 

H H xn _2/3 H 

4ra An 2n 



Furthermore, set 

(3.36) W n {\) = a 2 (l + xn- 2/s ) + 2A = An 
Then, by (|533|) . 

(3.37) 

= -^¥^7 /°°^e y "( A )-^W 2 / 2 / in (X n (A))n 5 / 6 e-^W/ 2 Ci(^n(A))dA. 
n-v/1 -Wo 

Now, using (13.171) . (|3.33p . (13.34H . (|3.35p and Stirling's formula a somewhat 

lengthy but straightforward computation shows that 

(3.38) 

Zne y„(AnV3)_X„(AnV3 ) 2 /2/in(Xn(Aral/3)) ^ ^(6+^+2^/3^ (&+7 | +ff+A) 

pointwise as n — )■ oo. Also, from (|3.33p . (|3.34p . (|3.35p and (|3.18p it follows 
that there are constants c, C > so that 



(3.39) 



Zne y„(An 1 /3)-X n (An 1 /3 )2/2/in(Xm(Anl/3)) 
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for all A > 0. From (1^201) and (RUtBD it follows that 

(3.40) n^e-^^'Hi^WniXn 1 ^)) -> 2~ 4 / 3 Ai (2 2 / 3 (x + a + A/2)) 

pointwise as n — > oo. Furthermore it follows from (|3.21|) and (|3.36|) that 
there are constants c, C > so that 

(3.41) n 5 /^^ Anl/3 )/X-i(Wn(An 1/3 )) < C e - C ( x+A ). 

We now make the change of variables A —> An 1 / 3 in (j3.37p and use (|1.20|) . 
(fl~22]l to get 

(3.42) 

x / Z n e y "( A ™ 1/3 )- x "( A " 1/3 ) 2 / 2 / ln (X n (An^ 3 ))n 5 / 6 e -^( A - 1/3 )/ 2 Ci(^n(An 1 / 3 )) dA. 



Using (|3.38|) to (|3.41|) and the dominated convergence theorem we see that 

/>oo 

n 1 + xn 

-2/3) _^ _ 2 3/2-4/3 / e r 2 A Ai ^ + T 2 + a + (2 2 / 3 ( x + a + A/2)) dA 

JO 

/■ oo 

= - V2 / e 2l/3r2A Ai (6 + r| + a + 2 1 / 3 A)Ai (2 2 / 3 x + a + A) dA, 

JO 

which proves (|3.25p . If we use the estimates (|3.39p and (|3.4ip in (|3.42|) we 
obtain the estimate (|3.29p . 

Consider now f3 Vt t{x). Note that 

i 2 (l + xn~ 2 / 3 ) a 2 av a 2 av a 2 9/q , ,/■>. 

+ — xn~ 2/i + o(n 2,i ^ 



4 8 4(1- 1) 8 4(1 -t) 4 

If we set A = a 2 x/2n + o(n _1 ), then we see from ()3.14j) that 
(3.43) 

n-^^ v , t (l+xn-^) = ^ 2 ^ /3 ^ e r n (AnV3)-^(AnV3 )V2 ^ (Xn( ^ 1/3))- 

zy 1 — t 

We can now use (|3.38p and the definition of d 2 to get the following limit. 
Note that changing v to — v corresponds to changing £2 to —£2 in (|3.38j) . 
This gives 

lim n- l ' z l3 v t (l + xn' 2 / 3 ) = V2e~ 2T2 ^ 2+2T2X Ai (2x-& + v + rf), 

n— 'too 

which proves (ET26L The estimate (EOUjl follows from (pL3gJ) and (ET43L 
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Next, we turn to C U;S . We proceed similarly to the analysis of B v> t- Set 
X n (X) = 



8(1 



a 2 s 



a 2 

— + 



au 



4(l-s) + -2 ] + 



8(1 -s) 



(3.44) 

= v/2(n- 1) 



1 + 



Y n (X) 
1 

+ 2 
(3.45) 



a 2 s 



2 v / n~^T ^4(1 - s) 
a 2 au 



1 + 



2 v / n~^T 



1 



+ 



A 



— 1 



8(1 



4 2(1 -s) 



8(1 - s) ^a 2 _^ 



a 2 s 



au A 
8 ' 4(l^s) + 2 + 



a 2 s 



a 2 (2s-l) /2s -1 



8 16s(l-s) 



2s 



r/.s 



A 



8(1 -s) 
au(2s — 1) 



and 
(3.46) 



a 2 s 



4s(l - s) 

(n-l)/2 7r l/4 n l/3 



+ 



?/ 



4s(l 



+ 



(1 ~ *)A 2 
a 2 s 



V^l)! 



4(1 - s) 

Now, similarly to (|3.38|) and using (|3.17j) . we obtain 
(3.47) 

Z n /n(AnV3)-X„(AnV3) V2 ^_ i( ^ (Anl/ 3 )) ^ ^(^+^3/3^ ^2+^ 

pointwise as n — > oo. We can also get the estimate analogous to (|3.39p 



(3.48) 



Z„ e ^(^ 1/3 )-^(^ 1/3 ) 2 /2 /in _ l( x„(An 1 / 3 )) 



< Ce 



cA 3 / 2 



for some constants c, C > 0. The added difficulty in proving this compared 
to (|3.39p is that we now have a factor exp((l — s)A 2 n 2 / 3 /a 2 s) instead of 
exp(— (1 — t)\ 2 n 2 /^ / a 2 t). For large A we cannot ignore this factor. We have 
that (1 - s)A 2 n 2/3 /a 2 s ~ A 2 /4n 1 / 3 for large n. Hence we can use (|3.19|) 
instead of (13.181) when A > core 2 / 3 with an appropriate Co- 
Now, by (f3TT5l) and flgHD to §2M), 

a 3/2 din -2/3 f oo 



n 



^ ne Y„(AnV3 ) _x n (AnV3 )2/2/in _ i(ln(Anl/3)) 



(3.49) x n 5 / 6 e-^^ 1/3 )/ 2 4_ 1 (W n (An 1 / 3 )) dX. 

It follows from (|3.40j) , (|3.4ip , ()3.47p , (|3.48p and the dominated convergence 
theorem that 

roc 

lim n-^Cu s (l+yn- 2 / 3 ) = -y/2 / e" 2l/3riA Ai (ei+r 2 + f r+2 1 / 3 A)Ai (2 2 / 3 y+a+A) dX, 
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pointwise. This proves (|3.27l) . The estimate (I3.31|) follows from (13.41 H and 
It remains to consider Mq. Here, we note that by (13.161) and (13,36p . 



o„2 roc 

n" 2 / 3 M (l + xn- 2 / 3 , 1 + yu^ 3 ) = — / n^V^^^-iWAn 1 / 3 )) 

n 



x n 5 / 6 e- # ™( A " 1/3 )/ 2 4_ 1 (#-„(An 1 / 3 )) d \, 

where W n is the same as W n but with x replaced by y. The limit (|3.28[) 
and the estimate (|3.32p now follow from (|3.40p . (|3.4ip and the dominated 
convergence theorem. □ 



We are now ready for the proof of theorem 11.51 

Proof. ( of theorem \1.5\l . Note that by (|1.19|) it is enough to show that 

(3.50) lim did 2 L n (s,u,t,v) = L tac (n,^i, r 2 , £ 2 ) 

and 

(3.51) lim did 2 q(s, u, t, v) = p(n, £i, r 2 , 6) 
n— yoo 

under the scaling limit (jl.20p . (|1.21j) . If we accept these limits we can 
complete the proof. Set 

d x = ^ e -(-a)+|^ 3 

d 2 = ^ e --(-6)-H. 

Then, by (j53Pj) . 

lim did 2 L n (s,-u,t,-v) = L t ac(n, T2, ~6)- 

n— >oo 

By (fTTUIl and (fTTHl) . 

did 2 £ n (s,ii,t,f) 

= d\d 2 L n (s, u, t, v) + e 2ri?1 ~ 2T2 ^ 2 di(i 2 L n (s, -u, i, -w) + did 2 q(s, u, t, t, v) 

and (fL30ll follows. 

It is straightforward to show (|3.5ip from the definitions of di, d 2 , q and 
p, so we omit the proof. To prove (|3.50p we will use (|3.ip . Consider the first 
integral in (13. ip . This is actually an extended Hermite kernel so we could 
use known results but since we have all the ingredients we give a proof. In 
this integral we make the change of variables z — > az/2, w — > aw/2, which 
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gives 

„2„ _ 2 



d\dia. f , f ,1 a s z 2 1 a z i auz , 

2(27ri)V(l -*)(!-*) ^r io-! «> - * 



q 2 t 2 a 2 Wj /l + U1 X " 

X eS^T^ 4 «" 2(l-t) ' 

did 2 an -1 / 3 



1 + z 

Zne y„(Ani/3)-X„(AnV3 ) 2 /2 ^ ( ^ (Anl/3)) 



2^/(1 - s )(l-t) 7 
(3.52) x ^e^^^-^^^/^n-i^CAn 1 / 3 ))^. 

Here we have have used (|3.10j) . (|3.11j) and the notation in the proof of 
lemmaO We can now use (fL20jl . IjOIjl . (lOHl . (pQ9j) . (pTITj) . |g3Bj and 
the dominated convergence theorem to see that the last expression in (|3.52p 
converges to 
(3.53) 

/■oo 

/ e A(T2 - Tl) Ai(ei+r 1 2 + C j+A)Ai(e2+T 2 2 + ( 7+A)dA = A(Ti,fi+7f+<T,7>j,6+7f+(7) 
•/ o 

It remains to show that 

det(J - M + (g^ + /^) g C M , S ) L 2 [1;00) 
det(I - M ) L 2 [1)Oo) 

(3.54) -> -^y det(/ - i^Ai + (%+ CT ,r 2 - /%,-Hva) ® Bft-HT, — n )l/ 2 [o-,oo) 
as n — )• oo. Write 

Vv,t( x >y) = M o(x,y) - (B v ,t( x ) + Pv,t{x))C UyS (y) 

and consider the Fredholm expansion of the numerator in the left hand side 
of Q53H) , 



^ / ]^ m /■ 

V- J-/ det(V Vtt (p uPj )) mxm d m p. 

m=0 -'P.oo; 

Here we make the change of variables pj = 1 + x.,-n~ 2 / 3 to get 

V M- / det(n- 2 / 3 P„, t (l + x 4 n- 2 / 3 , 1 + x jn - 2 / 3 )) mxm d m x. 



Using lemma 13.21 Hadamard's inequality and the dominated convergence 
theorem we see that, as n — > oo, this converges to 

00 / \\ m r 

(3.55) }± '— \ det(D( Xl , Xj )) d m x, 



m=0 
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where 

D(x,y) = 2 2 / 3 ^ Ai (2 2/3 x + ^, 

+ (V2 e 2l/V2A Ai (6 + r| + a + 2 1 / 3 A)Ai (2 2 / 3 x + a + X)d\ 

- V2e~ 2T2 ^ +2T2X Ai + o + r| + 2a;)) 

(3.56) x / e- 2l/3riA Ai(ei + r 2 + a + 2 1 / 3 A)Ai(2 2 / 3 y + <? + A)dA. 
Jo 

If we make the change of variables Xi = 2 _2//3 (yj — a) in (|3.55p we see that 
(|3.55p is the Fredholm expansion of 

det(J - K A i + {B^ 2+U)T2 - /3 ?2+(Jir2 ) ® J3^ 1+0 ._ n ) L 2[ ?)00 ). 

A similar argument shows that 

det(/-M ) L 2 [ljOo) ^F 2 (a) 

as n — )• oo. This completes the proof of theorem 11.51 □ 

We turn now to the proof of the alternative form of L tac , i.e. proposition 
PI 



Proof. ( of proposition [Tj)\) . All operators are operators on the space L 2 [a, oo). 
We have that 

— — — det(J - Km + {B^ 2+ ^ T2 - /% 2+(J)T2 ) ® jB^ 1+(T n ) L2 r g . ^ - 1 

/>oo 

= / (%+a,T 2 (*) - (x))% +(7 _ n (x) Cfo 

«/ CT 

/"OO /"OO 

(3.57) +/ / R(x,y)(B^ 2+a>V2 (y) - ^ 2+a; ^(y))B^ 1+a _ T1 (x)dxdy. 
Let T(x, y) = Ai {x + y — a) as a kernel on L 2 [cr, oo). Then i^Ai = T 2 and 

oo 

i? = ^T 2l \ 

r=l 

Set 
Then, 

/"OO /"OO 

B £+crA x ) = I T ( x >y) S tiAy) d y = S^ T (y)T(y,x)dy. 

J & J & 



+ 
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Write S^ tT (x) = b^ +<TtT {x). The last expression in (|3.57p can then be written 

do 

,t 2 ( x ) ~ S( 2 ,T2( X ))TS^ 1 - Tl (x)dx 

POO poo 00 

/ / ^2 T2r ( x ^y)( TS ^,r 2 (y) ~ %,t 2 (2/)) t % ,- n (x)dxdy 

/•oo 

S^,t 2 (x)(T 2 S^ _ n )(x)dx - / S^ 2)T2 (x)(TS^ Tl )(x)dx 

J a 

^ POO 00 poo 

+ £/ %,r 2 (x)(T 2r+2 5 Cl ,_ Tl )(x)^-^ / Sg 2)72 (x) (T 2r+1 ,% _ n ) (x) Gte 

r=1 J a r=l Ja 

% iT2 (x)R(x, ?/)% _ n (y) ctedy 

<%a,72 ( x ) T ( x > y)% ,-n (y) <^y 

% j7 - 2 (x) J R(x, y)T(y, z)% _ n (y) dxdydz. 



a J a 

00 roo 



cr ./ cr 

OO /"OO ("OO 



cr </ cr J a 



If we add A(ti, £1 + 7"i + c, t"2j £2 + T"f + cr ) *° this we get exactly the right 
hand side of (fQ2l) . " □ 

4. Auxiliary results 

In this section we will prove some results used in the previous sections. 

Lemma 4.1. (a) The kernel given by |g,^7| j and the kernel M^ z ' w ^ 

defined by {2. 54\ ) define finite rank operators on L 2 [l,oo). 

(b) We have that det(I — Mq) L 2^^ > and det(I — Mo)l 2 [i,oo) > 0; 
where Mq is given by U.9\) and Mq is given by M.13\) . 

(c) For z,w in a compact subset of the left half plane, there are constants 
C, e > so that 

\M^ w \x,y)\ < Ce~ tix+y) , 

and the analogous statement holds for M^ z,w ^ with z,w in a compact 
subset of the right half plane. 

Proof. We will prove the statements for M <yZ,w ^ and Mq. The proofs for 
M( z >™) and M are analogous. 

(a) We see from (12.590 that it is enough to prove that Mq has finite rank. 
If we use the residue theorem in (|2.47j) with (z, w) = (0, 0) we see that 

m n m n 

MQ{x, y ) = Y J Y. eaxUs ~ ayVn+r W^-^ II (".-"i)- 1 

r=l s=l 3=1 j=l,j¥=s 

, 1 



J =1 3=l,j¥=r 
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From this formula we see that Mo has finite rank, 
(b) It follows from pi?]) . ([2T4D and (|Q6j) that 

m m n m 

s <K ™>(x) = n e a ^D K [g K (C)\ = J] ^ n+j II II C 1 "^*)" 1 det(7-^) P(Jf)) 

3=1 3=1 i=lj=l 

where Xj = exp(ai>j/K), exp(ai>i/K), ji = exp(avi/K) and 5j = exp(—av n+ j/K). 
Note that 

n m j^mn n m 

n IK 1 - ^-r 1 - n nw, - -o- 1 

i=lj'=l i=lj'=l 

as if — t- oo. We want to show that 

(4.1) lim K- mn s <Km> (x) > 0. 

K— >oo 

Let us use the combinatorial formula for the Schur polynomial 



s<k^>{x) = ^2 

T ;sh (T)=<K m > 



T 
X . 



Since v x < v j: 1 < j < n + m we see that x T > e amui if sh (T) =< K m > 
and hence 

s<K^>(x)>e am ^s <Km> (l n+m ). 

Now, 

Aj - Ay + j - i 



sx(i n+m ) = n 

and 1(A) = m. Thus, 



l<i<j<n+m 



m m+n js \ ■ 
/-i n+m\ I I I I 1\ -\- J — I ismn 

s<K™>{i ) - [I 11 — ^zr~- — ~ ' 

i=lj=m+l ^ i 

as i<C — > oo, where c > 0. This proves (|4.1j) . 

(c) The inequality follows by a direct estimation of the integral in the 
right hand side of (|2.47j) using the fact that 71 jW lies strictly in the open left 
half plane and that 72 lies strictly in the open right half plane. 

□ 

In order to prove the estimates we need for F(w, k) we will use the fol- 
lowing lemma. 

Lemma 4.2. . Let xj = ex.p(auj/K) and x^ = ex.p(avj k ^ / K) , 1 < j < 
n + m. Then, 

(4.2) |s<^>(* (fe) )| < e<\ Rew \ + \ v ^\s <Km> (x)\ 

for I < k < N. 



:>>(> 
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Proof. Let y±, . . . ,yjv be cc^ , . . . , x^ ordered so that ?Mr = xj^ = e aw ^ K , 
and yi, . . . ,yN-l,ZN be xi, . . . ,xjv ordered so that z^r = x& = e av ^l K . By 
the symmetry of the Schur polynomial and a well known identity we have 
(4.3) 

s <K ™>(x^) = s <K ™>{yi, ■ ■ ■ ,vn) = Sfijyi, ■ ■ ■ ,yN~i)s <K ™>/Li{yN)- 

In order for s <Km> /^(vn) to be 7^ we must have \i = (K, . . . , K, r, 0, . . . ) 
with m — 1 elements equal to K and < r < K. Hence 



(4.4) 

Now, 
(4.5) 



s<k™>u{vn) = y% r = ( — 



VN 



K- 



s <K m >/fj,\ z N) 



VN 

ZN 



K-r 



< 



,(K-r)a(w~u k )/K 



a a{Kew-v k ){K-r)/K < a(|Re w\+\v k \) 



Inserting (|4.4p into (|4.3p and using this estimate we obtain (|4.2p . 



□ 



We can now establish the estimates that were used in section [2~2l From 
43]) and (|2~T5]1 we obtain 



(4.6) \F K (w,k)\<e a{lRewl+M 
for 1 < k < n. By (l2~T5l) . ([27T8]) and (jM]) we obtain 

(4.7) |,P^(w,A;)| < e 2 Q (|Re^|+|^|) 
for n < k < N . 

Let us also note the following estimate. Using the inequality \e z — 1| < 
l^jglRezI £ Qr z g (j~< we see that there is a constant C independent of K such 
that 



n + m e aw/K _ e aUj/K 
1^1 g au k/K _ e auj/K 



n+m 

<c n 



a\Kew\ 



(4.8) 

Finally we give the proof of lemma 12.11 

Proof, (of lemma [WH]) . We know by lemma HTT1 that Mo is finite rank oper- 
ator so we can write 

p 

for some p, where <fij,ipj £ L 2 [l,oo). Write 



ci 



G Vt t(w)b^ dw, c 2 = / F UtS (z)b z 2 dz 



71 
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and let < , > denote the inner product on L [l,oo) We have that 



det (J -M + (w- z)bf ® b z 2 ) = det 



8 jk - < (f>j,ip k > <4> h b\> 



<(w-z)bf,^ k > l+<(w-z)bf,b% 

*(j j r < ti^ k l > ?Wt 

\< (w- z)bf,ip k > iy 

(4.9) 



Hp+ \ 6 i k ~ < ^ k > 1 4- dpt ( ^' fc_ <<t>j^k> < <j>j, b z 2 > 

ael \<( W -z)br,A> ij + \<(w-z)br,A> <(w-z)bf,¥ 2 > 



det(I - M ) + (w -z) det 



8 jk - < 4>j,i>k > <<Pj,b^> 
<bf,i> k > <bf,b z 2 > 



Here the determinants are of size (p + 1) x (p + 1). It follows that 



c/2 

71 

= det f <5jfc ~ <^j^k> < $j,C2 > 

\ <Cl,Tp k > < Cl,C 2 > 

= det ( 6jk ~ <( t ) i^ k> < </>j, c 2 > \_ det ( 8 jk - < <Pj,i>k > 
^ <ci,ip k > l+<ci,c 2 >) \ <ci,ip k > 1 

= det(7 - M + ci <g> c 2 ) - det(7 - M ). 

Combining this with (|4.9p proves the formula (|2.65p , □ 
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